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INTRODUCTION
Let G be a ﬁnite group. Denote by π(G) the set of prime divisors of the order of G, and denote
by ω(G) the spectrum of G, i.e., the set of all orders of its elements. The set ω(G) deﬁnes the
prime graph (the Gruenberg–Kegel graph) Γ(G) of the group G, where the vertex set is π(G) and
two diﬀerent vertices p and q are adjacent if and only if pq ∈ ω(G). The number of connected
components of the graph Γ(G) is denoted by s(G), and the set of its connected components is
denoted by {πi(G) | 1 ≤ i ≤ s(G)}. For a group G of even order, we assume that 2 ∈ π1(G).
A group G is called recognizable (by spectrum) if any ﬁnite group H satisfying the condition
ω(H) = ω(G) is isomorphic to G. Recognition of ﬁnite groups by spectrum is a well-developed
direction of research (see Mazurov’s survey [6]), and a closely connected research area is recognition
of ﬁnite groups by their prime graph. A group G is called recognizable by prime graph if, for any
ﬁnite group H, the equality Γ(H) = Γ(G) of graphs implies the isomorphism H ∼= G of these
groups. Here, the equality of the graphs Γ(H) and Γ(G) means the coincidence of their vertex sets
and edge sets, respectively. It is clear that the recognizability of a ﬁnite group by prime graph
implies its recognizability by spectrum.
The proof of the recognizability of any ﬁnite simple group by its order and spectrum has been
completed recently (see [1]). The conjecture that ﬁnite simple groups are, as a rule, recognizable
by their order and prime graph seems to be quite plausible. For many ﬁnite simple groups, this
conjecture has been veriﬁed. For sporadic simple groups, this was done in 1996 by Chen [11].
In 2003, Hagie [13] gave the ﬁrst examples of ﬁnite groups recognizable by prime graph, namely,
the sporadic simple groups J1, M22, M23, M24, and Co2. In the same paper, a description (but not
a complete classiﬁcation) of ﬁnite groups G such that Γ(G) = Γ(S), where S is a sporadic simple
group, was obtained. The results of [3, Theorems 5, 6] on the sporadic groups M11, M12, and J2,
essentially reﬁne Hagie’s corresponding results.
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Khosravi [16–18] obtained similar results for automorphism groups of all ﬁnite sporadic simple
groups except for Aut(J2) and posed the problem of describing the structure of ﬁnite groups G
such that Γ(G) = Γ(Aut(J2)). If S is a sporadic simple group, then |Aut(S) : Inn(S)| ≤ 2 and the
graphs Γ(S) and Γ(Aut(S)) are disconnected except for the graphs Γ(Aut(J2)) and Γ(Aut(McL)).
In the present paper, Khosravi’s problem is solved. The following theorem is proved.
Theorem. Suppose that G is a ﬁnite group and Γ(G) = Γ(Aut(J2)). Then, one of the following
statements holds:
(1) G is solvable, a 2-complement in G is a Frobenius group whose kernel is a 7-group and a
complement is a cyclic {3, 5}-group B of order divisible by 15, and the quotient group G/O{2,7}(G)
is isomorphic to a subgroup from Hol(B) of order dividing 8|B|;
(2) G is solvable; a 2-complement R in G is a Frobenius group of the form A  B, where
A = F (R) is a {3, 5}-group of order divisible by 15 and B is a cyclic 7-group; the quotient group
O7′(G)/O2(G) has normal 2-complement F (R)O2(G)/O2(G); and the quotient group G/O7′(G) is
isomorphic to B or to the dihedral group of order 2|B|;
(3) G is solvable; a 2-complement R in G is a 2-Frobenius group of the form A  B  C,
where A = F (R) is a {3, 5}-group of order divisible by 5, B is a cyclic 7-group, and |C| = 3;
the quotient group O7′(G)/O2(G) has normal 2-complement F (R)O2(G)/O2(G); and the quotient
group G/O7′(G) is isomorphic to a Frobenius group of order 3|B| or 6|B|;
(4) G/O2(G) is isomorphic to one of the groups A8, S8, A9, S9, S6(2), O+8 (2), O
+
8 (2) : 2, J2,
or Aut(J2);
(5) G/O2(G) is isomorphic to an extension of a nontrivial nilpotent {3, 5}-group A by a group B
such that F ∗(B) = O2(B) × L, where the group L is isomorphic to A7, the group B/O2(B) is
isomorphic to A7 or S7, and the group L induces (by conjugation) the irreducible 6-dimensional
GF (p)A7-module on any p-chief factor of the group (G/O2(G))∞ for p ∈ {3, 5};
(6) G/O2(G) is isomorphic to an extension of a nilpotent {3, 5}-group A of order divisible
by 5 by a group B such that F ∗(B) = O2(B) × L, where the group L is isomorphic to U3(3), the
group B/O2(B) is isomorphic to U3(3) or G2(2), L induces on any 3-chief factor of the group
(G/O2(G))∞ the natural unitary 3-dimensional GF (9)U3(3)-module or 6-dimensional irreducible
GF (9)U3(3)-module, and L induces the 6-dimensional absolutely irreducible GF (5))U3(3)-module
on any 5-chief factor of the group (G/O2(G))∞;
(7) G/O2(G) is isomorphic to an extension of a nilpotent {3, 5}-group A of order divisible by 5
by a group B such that F ∗(B) = O2(B)× L, where the group L is isomorphic to L2(7), the group
B/O2(B) is isomorphic to L2(7) or PGL2(7), and the group L induces on any p-chief factor of the
group (G/O2(G))∞ the 3-dimensional irreducible GF (p2)L2(7)-module or 6-dimensional absolutely
irreducible GF (p)L2(7)-module for p ∈ {3, 5};
(8) G/O2(G) is isomorphic to a semidirect product of a nontrivial abelian 3-group A and a
group B such that F ∗(B) = O2(B) ◦L, where the group L is isomorphic to 2.L3(4) or 2.U4(3), the
group B/F ∗(B) is isomorphic to a subgroup from D8, the involution from Z(L) inverts A, and the
group L induces the faithful irreducible 6-dimensional GF (3)L-module on any 3-chief factor of AL;
(9) G/O2(G) is isomorphic to a semidirect product of a nontrivial abelian 3-group A and a
group B such that F ∗(B) = O2(B) ◦ L, where the group L is isomorphic to 22.L3(4), the group
B/F ∗(B) is isomorphic to a subgroup from 22, Z(L) is generated by involutions z1 and z2 such that
A = CA(z1) × CA(z2), and L induces the faithful irreducible 6-dimensional GF (3)2.L3(4)-module
on any 3-chief factor of the group AL;
(10) G/O2(G) is isomorphic to a semidirect product of an abelian {3, 5}-group A and a group B
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such that F ∗(B) = O2(B) ◦ L, where the group L is isomorphic to 2.J2, the group B/O2(B) is
isomorphic to J2 or Aut(J2), the involution from Z(L) inverts A, the group L induces the faithful
irreducible 6-dimensional GF (9)L-module on any 3-chief factor of the group AL, and L induces
the faithful irreducible 6-dimensional GF (5)L-module on any 5-chief factor of AL;
(11) G/O2(G) is isomorphic to an extension of a nilpotent {3, 5}-group A of order divisible
by 5 by a group B such that F ∗(B) = O2(B) ◦ L, where the group L is isomorphic to SL2(7), the
group B/O2(B) is isomorphic to L2(7) or PGL2(7), and L induces on any p-chief factor of the
group (G/O2(G))∞ for p ∈ {3, 5} either an unfaithful irreducible L-module with kernel of order 2
(see statement (7)) or the faithful 6-dimensional irreducible GF (p2)L-module.
Each of statements (1)–(11) of the theorem is realized.
Remark. Groups of smallest orders from statements (1)–(3) of the theorem have the form
2× (74 : 15), 2× ((36 × 56) : 7)), and 2× ((56 : 7) : 3), respectively.
Corollary. A ﬁnite group with the same order and prime graph as in the group Aut(J2) is
isomorphic to Aut(J2), 2× J2, or ̂J2.
Our notation and terminology are mostly standard and can be found in [4, 7–9,15]. Denote by
G∞ the last term in the series of commutator subgroups of a ﬁnite group G. A splittable extension
of a group A by a group B is denoted by A  B or A : B. A nonsplittable extension of A by B
is denoted by A.B. If n is a positive integer and p is a prime, then, as in [9], we denote by n the
cyclic group of order n and by pn the elementary abelian group of order pn.
If a group G acts on a group or a module H, then a nontrivial element g ∈ G is said to act
on H freely (or without ﬁxed points) if CH(g) = 1.
1. AUXILIARY RESULTS
Here, we present some results used in the proof of the theorem.
Proposition 1.1 (Gruenberg–Kegel theorem [20, Theorem A]). If G is a ﬁnite group with
disconnected prime graph, then one of the following statements holds:
(1) G is a Frobenius group;
(2) G is a 2-Frobenius group;
(3) G is an extension of a nilpotent π1(G)-group by a group A, where Inn(P ) ≤ A ≤ Aut(P ),
P is a simple nonabelian group with s(G) ≤ s(P ), and A/Inn(P ) is a π1(G)-group.
The following useful result is well known (see, for example, [2, Lemma 4]).
Proposition 1.2. Suppose that G is a ﬁnite quasi-simple group, F is a ﬁeld of characteristic
p > 0, V is a faithful absolutely irreducible FG-module, and β is a Brauer character of the module V .
If g is an element from G of prime order coprime with p|Z(G)|, then
dimCV (g) = (β|〈g〉, 1|〈g〉) =
1
|g|
∑
x∈〈g〉
β(x).
The following result, which belongs to Mazurov [5, Lemma 1], is often used for solving the
problem of recognition of ﬁnite groups by spectrum or prime graph.
Proposition 1.3. Suppose that G is a ﬁnite group, N is a normal subgroup in G, and G/N is
a Frobenius group with kernel F and cyclic complement C. If (|F |, |N |) = 1 and F is not contained
in NCG(N)/N , then s|C| ∈ ω(G) for some s ∈ π(N).
We obtain the following analog of Proposition 1.3, which is of independent interest.
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Proposition 1.4. Suppose that q is an odd prime, q−1 is not a power of 2, and G is a ﬁnite
group of the form G = P  (T  〈x〉), where P is a nontrivial {2, q}′-group, T is a 2-group, |x| = q,
and CG(P ) = Z(P ). If [T, x] = 1, then CP (x) = 1.
Proof. Let G be a counterexample of minimal order to the proposition. Then, P is a p-
group for some prime p. In view of [12, Theorems 5.3.5, 5.3.6], we have T = CT (x)[T, x] and
[T, x] = [T, x, x]; hence, T = [T, x] = 1. Since T 〈x〉 acts faithfully on P/Φ(P ), P is an elementary
abelian p-group. By [12, Theorem 5.3.8], the group T has an 〈x〉-invariant special subgroup E such
that 〈x〉 acts nontrivially and irreducibly on E/Φ(E) and trivially on Φ(E). Therefore, T = E.
Assume that Φ(T ) = 1. Then, T 〈x〉 is a Frobenius group. By Proposition 1.3, we have
CP (x) = 1, which contradicts the assumption.
Thus, T ′ = Φ(T ) = Z(T ) is a nontrivial elementary abelian 2-group. If |Z(T )| = 2, then T is
an extraspecial 2-group; hence, in view of [8, Property 36.1], we have CP (x) = 1, which contradicts
the assumption.
Thus, Φ(T ) = Z(T 〈x〉) is a noncyclic elementary abelian 2-group. Since p does not divide
|T 〈x〉|, by Maschke’s theorem (see [12, Theorem 3.3.1]), we have P = P1 × . . . × Pn, where any
subgroup Pi can be considered as an irreducible GF (p)T 〈x〉-module. Since CT (P ) = 1, we can
assume that CΦ(T )(P1) < Φ(T ). If CT (P1) ≤ Φ(T ), then CT (P1) is a nontrivial normal subgroup in
T 〈x〉 and, consequently, T = Φ(T )CT (P1) = CT (P1), a contradiction. Therefore, CT (P1) < Φ(T ).
In view of the minimality of G, we have P = P1 and CT (P1) = 1. Since Φ(T ) is a noncyclic
elementary abelian 2-group, there exists an involution t in Φ(T ) such that CP (t) = 1. Then,
however, CP (t) is a proper subgroup of P normal in G, which contradicts the irreducibility of the
GF (p)T 〈x〉-module P . The proposition is proved.
2. PROOF OF THE THEOREM
Lemma 2.1. The graph Γ(Aut(J2)) has the form
 








3 2
5
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Proof. The statement of the lemma follows from [9].
Lemma 2.2. Let G be a ﬁnite simple nonabelian group, and let Γ(G) be a subgraph of
Γ(Aut(J2)). Then, G is isomorphic to one of the groups A5, L2(7), A6, L2(8), U3(3), U4(2),
A7, A8, A9, L2(49), L3(4), U3(5), U4(3), S6(2), O+8 (2), or J2.
Proof. The statement of the lemma follows from Lemma 2.1 and [9, 10, 14, 19]. The lemma
is proved.
Suppose that G is a ﬁnite group and Γ(G) = Γ(Aut(J2)). In particular, G is a {2, 3, 5, 7}-group.
Suppose ﬁrst that G is solvable and R is a 2-complement in G. Then, by Lemma 2.1, the graph
Γ(R) is disconnected; consequently, by Proposition 1.1, the subgroup R is either a Frobenius group
or a 2-Frobenius group. Deﬁne π = {3, 5}. In view of the known properties of ﬁnite Frobenius
groups, we can assume that π1(R) = π and π2(R) = {7}.
Let R be a Frobenius group with kernel A and complement B.
Assume that 7 ∈ π(A). Then, A is a 7-group and B is a π-group of order divisible by 15. It is
easy to see that B is a cyclic π-Hall subgroup in G and Oπ(G) = 1. In view of [12, Theorem 6.3.2],
we have CG(B) ≤ Oπ′,π(G) and Oπ′,π(G) = Oπ′(G)B, which veriﬁes statement (1) of the theorem.
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Assume that 7 ∈ π(B). Then, A is a nilpotent π-group of order divisible by 15 and B is a cyclic
7-Hall subgroup in G. Set G˜ = G/O2(G) and K = O7′(G). Then, 1 = O(K˜) = Oπ(K˜) = F (K˜) ≤ A˜
and, moreover, CK˜(F (K˜)) = Z(F (K˜)). Let us show that the group K˜ is 2
′-closed. Assume the
contrary. In this case, O(K˜) < O2′,2(K˜) < O2′,2,2′(K˜). Let T˜ be a (nontrivial) Sylow 2-subgroup
in O2′,2(K˜). Then, in view of [12, Theorem 6.3.2], CK˜(T˜ ) ≤ O2′,2(K˜). By Frattini’s argument,
G˜ = O(K˜)NG˜(T˜ ); hence, there exists an element x˜ of order 7 in NG˜(T˜ ). Applying Proposition 1.4
to the group O(K˜)  (T˜  〈x〉), we ﬁnd that T˜ centralizes the element x˜. Then, the element x˜ acts
identically on the quotient group K˜/O2′,2(K˜) and, hence, centralizes an element of order 3 or 5
from K˜, which contradicts Lemma 2.1. Thus, the group K˜ is 2′-closed. In view of [12, Theorem
6.3.2], we have CG˜(B) ≤ KB, which veriﬁes statement (2) of the theorem.
Let R be a 2-Frobenius group of the form R = A(BC). It is clear that B is a cyclic 7-group;
consequently, |C| = 3 and A is a nilpotent π-group. Arguing as in the preceding paragraph, we
verify statement (3) of the theorem.
Suppose that the group G is unsolvable, S = S(G) is its largest solvable normal subgroup, and
G = G/S. It is clear that nonabelian composition factors of G are isomorphic to some simple
groups from the conclusion of Lemma 2.2.
Lemma 2.3. The order of the group S is not a multiple of 7.
Proof. Assume that 7 ∈ π(S) and P ∈ Syl7(S). By Frattini’s argument, G = SNG(P ).
Assume that NG(P ) contains an elementary subgroup V of order 9 or 25. Then, CP (v) = 1 for
some nontrivial element v ∈ V ; consequently, ω(G) contains 21 or 35, which contradicts Lemma 2.1.
Thus, Sylow 3- and 5-subgroups in the group G are cyclic. Then, by Lemma 2.2, G is almost
simple and its socle is isomorphic to one of the groups A5, L2(7), L2(8), or L2(49). The group G
does not contain an element of order 15 but the group G contains such an element; hence, π(S)
contains a number q ∈ {3, 5}. Suppose that R is a {q, 7}-Hall subgroup in S containing P and
Q ∈ Sylq(R). Since the group R is solvable and the graph Γ(R) is disconnected, we conclude by the
Gruenberg–Kegel theorem that either R is a Frobenius group with kernel P and complement Q or
q = 3, R is a 2-Frobenius group, and F (R) = O3(R). Hence, at least one of the subgroups P and
Q is cyclic.
Assume that P is cyclic. Since the group Aut(P ) is abelian in this case, CG(P ) contains the
socle of G and, hence, there exists an element of order 3 in CG(P ), which is impossible.
Thus, Q is cyclic. Hence, R is a Frobenius group with kernel P and complement Q. If 7 divides
the order of G, then, arguing as in the previous paragraph, we conclude that there exists an element
of order 7 in CG(Q), which is impossible. Therefore, the group G is isomorphic to A5 or S5.
Let N = NG(R). Since {q, 7}-Hall subgroups in the solvable group S are conjugate (see [12,
Theorem 6.4.1]), we have G = SN and, consequently, N/(N ∩ S) ∼= G. As above, we show that
CN (Q)(N ∩ S) contains the socle of the group N/(N ∩ S). Therefore, the group CN (Q)/CN∩S(Q)
is isomorphic to A5 or S5. It is clear that CN∩S(Q) = Q× K, where K is some {q, 7}′-subgroup.
Further, the quotient group CN (Q)/K is a central extension of a group isomorphic to Q by a group
isomorphic to A5 or S5. Since the Schur multiplier of the group A5 has order 2, a Sylow q-subgroup
in CN (Q) is noncyclic and, consequently, contains a noncyclic subgroup W of order q2. However,
CP (w) = 1 for some nontrivial element w ∈ W and, consequently, G contains an element of order
7q, which contradicts Lemma 2.1.
The lemma is proved.
Lemma 2.4. The group G is almost simple, and the order of its socle is a multiple of 7.
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Proof. Let M be a minimal normal subgroup in G. Then, M = M1 × . . . × Mn, where
M1, . . . ,Mn are isomorphic nonabelian simple groups.
Assume that n > 1. Then, by Lemma 2.1, 7 ∈ π(M), which implies by Lemma 2.2 that M1 is
isomorphic to A5, A6, or U4(2).
By Lemma 2.1, 7 ∈ π(S) and, hence, 7 ∈ π(G/M). Let x be an element of order 7 in G. Since
the group NG(M1)/CG(M1) is isomorphic to a subgroup of the 7
′-group Aut(M1), we conclude that,
if the element x normalizes M1, then it centralizes M1; consequently, 21 ∈ ω(G), which contradicts
Lemma 1.1. Therefore, the subgroup K := 〈M1, x〉 is isomorphic to the wreath product M1 
 7;
hence, CK ′(x) ∼= M1, which implies once again that 21 ∈ ω(G), a contradiction.
Thus, n = 1; i.e., M is simple. If, in G, there exists a minimal normal subgroup N diﬀerent
from M , then, as proved above, N is simple and centralizes M . Arguing as above, we come to a
contradiction.
Thus, M is the simple socle of the group G; i.e., G is almost simple. The second statement of
the lemma follows from Lemmas 2.2 and 2.3 and from [9].
The lemma is proved.
Further, let M := Soc(G).
Lemma 2.5. If M ∈ {L2(8), L2(49), A8, A9, S6(2), O+8 (2)}, then S = O2(G). In particular,
M is not isomorphic to L2(8) and L2(49).
Proof. Assume that the condition of the lemma is satisﬁed but S = O2(G). Then, in view
of Lemma 2.3, π(S) contains a number p ∈ {3, 5}. By [9], the group M contains a subgroup
isomorphic either to a Frobenius group of the form 23 : 7 or to an elementary group of order 49
(for M ∼= L2(49)). Denote by R a 2-complement in the complete preimage of this subgroup in G.
Suppose that the ﬁrst case holds. By Lemma 2.3, |R|7 = 7; consequently, R is a Frobenius
group with kernel R ∩ S = F (R) = O3(R) × O5(R) and complement of order 7. Therefore,
NH(F (R)) = F (R)  L, where L = O2(L)  〈x〉, |x| = 7, and [O2(L), x] = 1. By Proposition 1.3,
CF (R)(x) = 1, which contradicts Lemma 2.1.
Suppose that the second case holds. Then, R/(R ∩ S) ∼= 72; consequently, R can be neither a
Frobenius group nor a 2-Frobenius group, a contradiction.
Thus, S = O2(G). If M is isomorphic to L2(8) or L2(49), then there exist no elements of
order 15 in G, which contradicts Lemma 2.1.
The lemma is proved.
Lemma 2.6. If S = O2(G), then statement (4) of the theorem holds.
Proof. Assume that G is a counterexample to the lemma. Then, it follows from Lemmas 2.2,
2.4, and 2.5 that M ∈ {L3(4), U3(5), U4(3)}. In addition, the group G contains an element of
order 15; hence, in view of [9], the group G contains an element of order 21, which contradicts
Lemma 2.1.
The lemma is proved.
In view of Lemmas 2.5 and 2.6, we will assume further that S = O2(G). Then, by Lemma 2.3,
π(S) contains a number p ∈ {3, 5}. In addition, by Lemmas 2.2, 2.4, and 2.5, the group M
is isomorphic to L2(7), U3(3), A7, L3(4), U3(5), U4(3), or J2. By [9], the group M contains a
subgroup isomorphic to a Frobenius group of the form 7 : 3. Suppose that H is a complete
preimage of this subgroup in G and R is a 2-complement in H. Then, |R|7 = 7; consequently, for
the solvable group H, statement (3) of the theorem holds. Thus, R is a 2-Frobenius group of the
PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 283 Suppl. 1 2013
S84 KONDRAT’EV
form F (R) : 7 : 3, where F (R) = R ∩ S = O3(R)×O5(R); moreover, F (R) is a 2-complement in S
and O2(G)F (R) = O2,2′(S).
Without loss of generality, we assume further that O2(G) = 1. Then, S = F (G)  T for a
Sylow 2-subgroup T in S. By Frattini’s argument, we have G = SNG(T ); consequently, NG(T )
contains an element x of order 7. Applying Proposition 1.4 to the group F (G)  T  〈x〉, we ﬁnd
that T centralizes x. Therefore, CG(T ) contains M . Let L := CG(T )∞. Then, the quotient group
F (G)L/F (G) is isomorphic to the covering group ̂M for M and, moreover, Z(̂M) is a 2-group.
Lemma 2.7. If Z(̂M) = 1, then one of statements (5)–(7) of the theorem holds.
Proof. Let Z(̂M) = 1. Then, the simple group M acts on F (G) so that CF (G)(g) = 1 for
an element g of order 7 from M . Applying Proposition 1.2 to the element g and the tables of
3-modular and 5-modular Brauer characters of the group M from [7, 9], we obtain the statement
of the lemma.
As an example, consider the case when the group M is isomorphic to L2(7). Let p ∈ {3, 5}.
By Proposition 1.2 and the table of p-modular Brauer characters of the group M from [7], there
exist only the following absolutely irreducible M -modules over a ﬁeld of characteristic p on which
the element g acts freely: two 3-dimensional modules with the deﬁnition ﬁeld GF (p)(
√−7) =
GF (p2) and one 6-dimensional module with the deﬁnition ﬁeld GF (p). Since the two 3-dimensional
modules are algebraically conjugate, we conclude by [15, Theorem VII.1.16] that there exist a
unique 6-dimensional irreducible but not absolutely irreducible GF (p)M -module (it is isomorphic
to a 3-dimensional GF (p2)M -module considered over the ﬁeld GF (p)) and a unique 6-dimensional
absolutely irreducible GF (p)M -module.
The lemma is proved.
Now, let Z(̂M) = 1. Then, in view of [9], the group ̂M is isomorphic to SL2(7), Z .L3(4) with
the group Z isomorphic to a nontrivial subgroup from 4× 4, 2.U4(3) ∼= Ω−6 (3), 4.U4(3) ∼= SU4(3),
or 2.J2. The quasi-simple group ̂M acts faithfully on F (G) so that CF (G)(x) = 1 for an element x
of order 7 from ̂M . By Lemma 2.7, we can assume that CF (G)(Z(̂M ) = 1. Using Proposition 1.2
and the tables of 3-modular and 5-modular Brauer characters of ̂M from [7,9], we ﬁnd that one of
statements (8)–(11) of the theorem holds.
The theorem is proved.
3. PROOF OF THE COROLLARY
Let G be a ﬁnite group such that |G| = |J2| and Γ(G) = Γ(Aut(J2)). Then, |G| = 28×33×52×7.
Let G be solvable. Then, a 2-complement in G has order 33 × 52 × 7; hence, according to the
theorem, it is either a Frobenius group of the form (33 × 52) : 7 or a 2-Frobenius group of the form
(33 × 52) : (7 : 3). This is impossible, since 7 does not divide 52 − 1.
Thus, G is unsolvable. In view of the theorem, the group G = G/S(G) is almost simple with
socle M isomorphic to L2(7), U3(3), A7, A8, A9, S6(2), O+8 (2), L3(4), U4(3), or J2. Moreover, the
quotient group G/M is a 2-group.
If M ∈ {A8, A9, S6(2), O+8 (2)}, then S(G) = O2(G), which contradicts the equalities |A8|5 = 5,
|A9|3 = 34, |S6(2)|2 = 29, and |O+8 (2)|2 = 212.
If M ∼= U4(3), then |M |3 = 36, a contradiction with the fact that |G|3 = 33.
If M ∼= A7, then |M |3 = 3; consequently, 21 ∈ ω(G), a contradiction with Lemma 2.1.
If M ∈ {L2(7), U3(3)}, then |S(G)|5 = 52; consequently, 35 ∈ ω(G), a contradiction with
Lemma 2.1.
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If M ∼= L3(4), then |S(G)|5 = 5; consequently, 35 ∈ ω(G), a contradiction with Lemma 2.1.
Thus, M ∼= J2. If G ∼= Aut(J2), then G ∼= Aut(J2). If G ∼= J2, then |S(G)| = 2; consequently, G
is isomorphic to 2× J2 or ̂J2.
The corollary is proved.
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